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Abstract—  

This study presents the derivation of the stress-strength reliability (S-SR) function P(T<X<Z), 

assuming complete data. In this case, the component strength X lies between two independent 

stresses T and Z, with all three variables independently following the Exponentiated Inverse 

Rayleigh (EIR) distribution. The scale parameter is assumed to be common and known, while 

the shape parameters differ. The reliability function is estimated using the Bayesian approach 

under both informative gamma priors and non-informative priors, based on the Quadratic Loss 

Function (QLF). These Bayesian estimators are compared to the Maximum Likelihood 

Estimator (MLE). A simulation study is conducted to evaluate and compare the estimators' 

performance. The findings reveal that the Bayesian estimator based on the informative gamma 

prior under the QLF provides the most accurate and efficient results. 

Keywords— Stress- strength reliability, Bayesian estimation, P(T<X<Z), Quadratic loss 

function, Exponentiated inverse Rayleigh distribution. 

I. Introduction  

      The Exponentiated Inverse Rayleigh Distribution (EIRD) is a flexible lifetime distribution 

that has gained attention in the fields of reliability analysis and statistical quality control. The 

EIRD is particularly useful for modeling failure times and has applications in engineering. It is 

a generalization from the standard Inverse Rayleigh Distribution by introducing an additional 

shape parameter, which enhances its ability to model a wider range of data behaviors, 

particularly those with monotonic or non-monotonic hazard rates. This distribution was 

proposed by Nadarajah and Kotz [1], who introduced a systematic method for generating new 

distributions by exponentiating the reliability function:  

𝐹(𝑥) = 1 − {𝑅(𝑥)}𝛼         (1)  

Where R(x) is reliability function for Inverse Rayleigh distribution.  

Using equation (1)  

The CDF of Exponentiated Inverse Rayleigh distribution is   𝐹(𝑥) = 1 − (1 −

 𝑒−(
𝜆

𝑥
)

2

)

𝛼

,   𝛼 > 0 ,             (2) 
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And the pdf of EIR distribution is:  

 

 𝑓(𝑥) =
2𝛼𝜆2

𝑥3
𝑒−(

𝜆

𝑥
)

2

(1 −  𝑒−(
𝜆

𝑥
)

2

)

𝛼−1

,     𝑥 > 0 , 𝛼 > 0,   

                                                                              𝜆 > 0,        (3) 

Where 𝛼 is the shape parameter and λ is the scale parameter. 

When 𝛼 = 1 the (EIR) dist. returns back to Inverse Rayleigh (IR) distribution. 

The stress-strength reliability (S-SR) have two main types: classical and modern. The classical 

stress-strength model focuses on evaluating the lifetime of a component by assessing its ability 

(strength X) to withstand random stress T. The primary interest lies in estimating the probability 

that the component's strength exceeds the applied stress, expressed as P(T<X), The component 

may fail, or the system in which it operates might malfunction, when the applied stress exceeds 

the component's strength  (𝑇 ≤ 𝑋). 

The second type is P(T<X<Z); study and focuses on evaluating and estimating the probability 

P(T<X<Z), which reflects a more nuanced reliability scenario where the component's strength 

X must not only exceed a lower stress threshold T, but also remain below an upper stress limit 

Z. This form of stress-strength reliability is applicable in situations where the operational range 

is bounded by two limits. A practical example is blood pressure, where a healthy reading must 

fall between two values—systolic and diastolic pressures—indicating that the measurement 

should be neither too low nor too high, [Kotz [2]]. Over the past 45 years, Singh [3] examined 

a case in which the cumulative distribution functions (CDFs) of X and Z are known, while the 

probability density function (PDF) of Y is unknown but observed data from Y are available. 

Amal, Elsayed and Rania [4] The reliability was estimated under assumption that X, Y, and Z 

are independent and follow the Weibull distribution, sharing a common known shape parameter 

but having different scale parameters; The analysis also considered the presence of k  outliers 

in the strength variable X. Moment estimators, Maximum Likelihood Estimators (MLE), and 

mixture estimators were derived for this case. Patowary, Sriwastav and Hazarika [5] 

demonstrated the estimation of reliability R=P(X<Y<Z) using Monte Carlo Simulation (MCS) 

in an n-standby system, where both stress and strength variables follow a continuous 

distribution. Ali and Nada [6] estimated the reliability using various methods including 

Maximum Likelihood, Method of Moments,  Least Squares, and Weighted Least Squares; 

assuming that X, T, and Z follow the New Weibull-Pareto Distribution with a combination of 

known and unknown parameters. 
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II. S-SR Reliability formula 

Deriving  The formula of the stress-strength reliability function P(T<X<Z) for complete data 
when component's  strength (X) falls in between the stresses T and Z respectively,  will be as 
follows [7] :  

 R = P(T < X < Z)   = ∫ P(T < X, X < Z)f(x)dx
∞

0
 , 

                                where X, T, Z are independent 

      =  ∫ Ht
∞

0
(x) GZ

̅̅ ̅(x) f(x) dx, 

      =  ∫ Ht(x) (1 − Gz(x)) f(x)dx,
∞

0
 

 R =  ∫ Ht
∞

0
(x)f(x) dx −  ∫ Ht

∞

0
(x) Gz(x) f(x)dx, 

Suppose that  

 A1 =   ∫ Ht
∞

0
(x)f(x) dx. 

 A2 =  ∫ Ht
∞

0
(x) Gz(x) f(x)dx. 

R = A1 − A2 ,         (4)   

T and Z independent random stress variables following the Exponentiated Inverse Rayleigh 
(EIR) distributions with parametersEIR(α1, λ) , EIR(α2, λ) Respectively,whereα1, α2 are the 
shape parameters and λ the scale parameter, and (X) is random strength and independent  from 
T and Z and also follow  EIR (α, λ) then :  

 Ht(x) = 1 − (1 −  e−(
λ

x
)

2

)

α1

,       x > 0 , λ ;  α1 > 0. 

 Gz(x) = 1 − (1 −  e−(
λ

x
)

2

)

α2

,       x > 0 , λ ;  α1 > 0. 

  

 A1 =  ∫ (1 − (1 −  e−(
λ

x
)

2

)

α1
∞

0
) f(x)dx, 

 =  ∫ f(x)dx
∞

0
−  ∫ (1 −  e−(

λ

x
)

2

)

α1
∞

0
f(x)dx,  

 = 1 − ∫
2 α λ2

x3

∞

0
 e−(

λ

x
)

2

(1 −  e−(
λ

x
)

2

)

α−1

∗                      (1 −  e−(
λ

x
)

2

)

α1

dx , 

By solving this equation  

= 1 −
α

α1 + α
 ∫

2(α1 +  α)λ2

x3
 e

−(
λ
x

)
2

∗ (1 − e
−(

λ
x

)
2

)

(α+α1)−1
∞

0

dx, 

 A1 = 1 − 
α

α+α1
(1) =  

α1

α1+α
.          (5) 
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 A2 =  ∫ Ht
∞

0
(x) Gz(x)f(x)dx,  

 A2 = ∫ [1 − (1 −  e−(
λ

x
)

2

)

α1

] ∗
∞

0
 

       [1 − (1 −  e
−(

λ
x

)
2

)

α2

]
2αλ2

x3
e

−(
λ
x

)
2

(1 −  e
−(

λ
x

)
2

)

α−1

dx, 

Multiply the parentheses and insert the integral 

A2 = 1 − ∫
2αλ2

x3
e

−(
λ
x

)
2

(1 − e
−(

λ
x

)
2

)

α−1

∗ (1 −  e
−(

λ
x

)
2

)

α1

 dx
∞

0

 

        − ∫
2αλ2

x3
e

−(
λ
x

)
2

(1 −  e
−(

λ
x

)
2

)

α−1
∞

0

(1 −  e
−(

λ
x

)
2

)

α2

𝑑𝑥 

      + ∫
2αλ2

x3
e

−(
λ
x

)
2

(1 −  e
−(

λ
x

)
2

)

α−1

(1 −  e
−(

λ
x

)
2

)

α1

∗ (1 − e
−(

λ
x

)
2

)

α2

dx
∞

0

, 

 𝐴2 = 1 −  
α

α+α1
−

α

α+α2
+

α

α+α1+α2
 .             (6) 

Substituting equation  (5)  and equation  (6) in equation (4)  

R =  
αα1

(α+α2)(α+α1+α2)
 .         (7) 

III. Maximum likelihood estimation 

A. Likelihood Function  

     Let {𝑥𝑖}be the random sample of strength from size (n), (i = 1,2,…,n) from EIR (𝛼, 𝜆) With 

known scale parameter  𝜆 > 0 and unknown shape parameter 𝛼 > 0, then the likelihood 

function of 𝑥 is: 

 𝐿 (𝑥|𝛼 ) =  ∏ 𝑓(𝑥|𝛼),        𝑚
𝑖=1       𝑖 = 1,2, … , 𝑛. 

 𝐿 (𝑥|𝛼) =  2𝑛𝛼𝑛𝜆2𝑛(∏ 𝑥𝑖
−3) 𝑒

− ∑ (
𝜆

𝑥𝑖
)

2
𝑛
𝑖=1𝑛

𝑖=1  

                       ∗ ∏ (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)

𝛼−1

𝑛
𝑖=1 , 

  

           =  2𝑛𝛼𝑛𝜆2𝑛(∏ 𝑥𝑖
−3) 𝑒

− ∑ (
𝜆

𝑥𝑖
)

2
𝑛
𝑖=1𝑛

𝑖=1  
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                  ∗ ∏ (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)

𝛼

𝑛
𝑖=1 ∏ (1 −  𝑒

−(
𝜆

𝑥𝑖
)

2

)

−1

𝑛
𝑖=1 , 

  𝐿 (𝑥|𝛼) =  𝐵 𝛼𝑛 ∏ (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)

𝛼

𝑛
𝑖=1 .          (8) 

Where:  

 𝐵 =  2𝑛𝜆2𝑛(∏ 𝑥𝑖
−3) 𝑒

− ∑ (
𝜆

𝑥𝑖
)

2
𝑛
𝑖=1𝑛

𝑖=1 ∏ (1 − 𝑒
−(

𝜆

𝑥𝑖
)

2

)

−1

𝑛
𝑖=1 . 

And let 𝑡𝑗  𝑎𝑛𝑑 𝑧𝑘 be the random samples represent  stress from sizes (m , w) , ( j = 1,2,…,m ; 

k = 1,2,…,w ) from 𝐸𝐼𝑅(𝛼1, 𝜆) , 𝐸𝐼𝑅(𝛼2, 𝜆) Respectively with  shape parameters 𝛼1, 𝛼2 > 0 

are unknown and the scale parameter 𝜆 > 0 is known ,  𝑡𝑗  𝑎𝑛𝑑 𝑧𝑘 are independent from each 

other and from 𝑥𝑖, then the likelihood functions of 𝑡 , 𝑧  are :   

 

𝐿 (𝑡|𝛼1) =  𝐵1 𝛼1
𝑚 ∏ (1 −  𝑒

−(
𝜆

𝑡𝑗
)

2

)

𝛼1

𝑚
𝑗=1 .         (9) 

 Where:  

 𝐵1 =  2𝑚𝜆2𝑚(∏ 𝑡𝑗
−3) 𝑒

− ∑ (
𝜆

𝑡𝑗
)

2
𝑚
𝑗=1𝑚

𝑗=1 ∏ (1 −  𝑒
−(

𝜆

𝑡𝑗
)

2

)

−1

𝑚
𝑗=1 . 

 𝐿 (𝑧|𝛼2) =  𝐵2 𝛼2
𝑤 ∏ (1 −  𝑒

−(
𝜆

𝑧𝑘
)

2

)

𝛼2

𝑤
𝑘=1 .          (10) 

 Where:  

 𝐵2 =  2𝑤𝜆2𝑤(∏ 𝑧𝑘
−3) 𝑒

− ∑ (
𝜆

𝑧𝑘
)

2
𝑤
𝑘=1𝑤

𝑘=1 ∏ (1 −  𝑒
−(

𝜆

𝑧𝑘
)

2

)

−1

𝑤
𝑘=1 . 

 

B. Maximum likelihood estimator (M.L.E):  
   the shape parameter (𝛼) can be estimated as follows:  
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ln 𝐿 (𝑥|𝛼) = ln 𝐵 + 𝑛 ln 𝛼 +  𝛼 ∑ ln (1 − 𝑒
−(

𝜆

𝑥𝑖
)

2

) ,𝑛
𝑖=1  

𝜕 ln(𝑥|𝛼)

𝜕𝛼
=  

𝑛

𝛼
+ ∑ ln (1 −𝑛

𝑖=1

 𝑒
−(

𝜆

𝑥𝑖
)

2

), 

 ⟹  
𝑛

𝛼̂
+ ∑ ln (1 − 𝑒

−(
𝜆

𝑥𝑖
)

2

)𝑛
𝑖=1 = 0 ,        (11) 

Then by solving equation (11):   

 𝛼̂(𝑚𝑙𝑒) =  
−𝑛

∑ ln(1− 𝑒
−(

𝜆
𝑥𝑖

)
2

)𝑛
𝑖=1

 .             (12) 

Similarly, the M.L.E.'S for 𝛼1, 𝛼2 are:  

 𝛼̂1(𝑚𝑙𝑒) =  
−𝑚

∑ ln(1− 𝑒
−(

𝜆
𝑡𝑗

)

2

)𝑚
𝑗=1

 .           (13) 

 

 𝛼̂2(𝑚𝑙𝑒) =  
−𝑤

∑ ln(1− 𝑒
−(

𝜆
𝑧𝑘

)
2

)𝑤
𝑘=1

 .          (14) 

The Maximum Likelihood Estimator (MLE) of the stress-strength reliability can be obtained 

by utilizing the invariance property of maximum likelihood estimation of 𝛼̂, 𝛼̂1, 𝛼̂2 that in 

equations (12), (13), (14) as follows:  

 

 𝑅̂(𝑚𝑙𝑒) =  
𝛼̂(𝑚𝑙𝑒)𝛼̂1(𝑚𝑙𝑒)

(𝛼̂(𝑚𝑙𝑒)+𝛼̂2(𝑚𝑙𝑒))(𝛼̂(𝑚𝑙𝑒)+𝛼̂1(𝑚𝑙𝑒)+𝛼̂2(𝑚𝑙𝑒))
 .     (15) 

 

IV. Bayesian estimation 

This section focuses on estimating the stress-strength reliability using the Bayesian estimation 
methods, assuming complete data. The estimation is carried out using both informative and non-
informative priors, based on the Quadratic Loss Function (QLF): 

Bayesian estimation based on  Non-informative Jeffrey's prior : 

The non-informative Jeffrey's prior for the parameter 𝛼 is define as follow [8]:  

𝑃(𝛼) ∝  √𝐼𝑋(𝛼), 
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𝐼𝑋(𝛼) is the fisher information for 𝛼 which take the following formula  

 𝐼𝑋(𝛼) =  −𝐸 [
𝜕2 ln 𝑓(𝑥|𝛼)

𝜕𝛼2 ] =  
1

𝛼2 , 

The non-informative prior for 𝛼 is 

 𝑃(𝛼) ∝  
1

𝛼
 ,                                   (16)   

The posterior distribution for 𝛼 is  

𝑃(𝛼|𝑥)
𝐽

∝ 𝐿(𝑥|𝛼) 𝑃(𝛼),   

Substituting equations (8) and (16)   

𝑃(𝛼|𝑥)
𝐽

=  𝛼𝑛−1𝑒
𝛼 ∑ ln(1− 𝑒

−(
𝜆
𝑥𝑖

)
2

)𝑛
𝑖=1

, 

Which is the kernel of gamma distribution G (n , D)    

Where D =  − ∑ ln (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)𝑛
𝑖=1  , 

Then The complete posterior dist. Of 𝑃(𝛼|𝑥)
𝐽
 is:  

 𝑃(𝛼|𝑥)
𝐽

=  
𝐷𝑛

Γ𝑛
𝛼𝑛−1𝑒−𝛼𝐷.          (17) 

Similarly, the posterior distribution for 𝛼1𝑎𝑛𝑑 𝛼2 are   

𝑃(𝛼1|𝑡)
𝐽

=  
𝐷𝑚

Γ𝑚
𝛼1

𝑚−1𝑒−𝛼1𝐷1 .          (18) 

Where  𝐷1 = − ∑ ln (1 −  𝑒
−(

𝜆

𝑡𝑗
)

2

) ,𝑚
𝑗=1  

 𝑃(𝛼2|𝑧)
𝐽

=  
𝐷2

𝑤

Γ𝑤
𝛼2

𝑤−1𝑒−𝛼2𝐷2 .           (19) 

Where  𝐷2 =  − ∑ ln (1 −  𝑒
−(

𝜆

𝑧𝑘
)

2

)𝑤
𝑘=1 , 

Since 𝑥, 𝑡 𝑎𝑛𝑑 𝑧 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 The joint posterior can be found by multiplying equations 

(17) (18) (19):  

𝑃(𝛼, 𝛼1, 𝛼2|𝑥, 𝑡, 𝑧)
𝐽

=
𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
𝛼𝑛−1𝛼1

𝑚−1𝛼2
𝑤−1𝑒−𝛼𝐷𝑒−𝛼1𝐷1𝑒−𝛼2𝐷2 .         (20) 
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Bayesian estimation using   Non informative Jeffrey's prior based on Quadratic loss function 

(Q.L.F): 

     The quadratic loss function takes the following form [9]:  

 𝐿(𝑅, 𝑅̂) = ( 
𝑅̂−𝑅

𝑅
)

2

, 

To find the Bayesian estimation (𝑅̂) for(S-SR.) based on quadratic loss function (Q.L.F) we 

solved the following equation:  

 
∂𝐸[𝐿(𝑅,𝑅̂)]

∂𝑅̂
= 0, 

  𝑅̂ =  
𝐸( 𝑅−1

|𝑥, 𝑡, 𝑧)

𝐸(𝑅−2
|𝑥, 𝑡, 𝑧)

,    Then   𝑅̂𝐽 =  
𝐸( 𝑅−1

|𝑥, 𝑡, 𝑧)
𝐽

𝐸(𝑅−2
|𝑥, 𝑡, 𝑧)

𝐽

 ,      (21) 

The expectation in the numerator of equation (21) using equation (7): 

   𝐸( 𝑅−1|𝑥, 𝑡, 𝑧)
𝐽

=                                 ∫ ∫ ∫ 𝑅−1𝑃(𝛼, 𝛼1, 𝛼2|𝑥, 𝑡, 𝑧)
𝐽
𝑑𝛼 𝑑𝛼1𝑑𝛼2

∞

0

∞

0

∞

0
 , 

                          = ∫ ∫ ∫ ( 1 +  2𝛼1
−1𝛼2 +  𝛼−1𝛼2 +  𝛼−1𝛼1

−1𝛼2
2 +  𝛼𝛼1

−1) ∗
∞

0

∞

0

∞

0

𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
𝛼𝑛−1𝛼1

𝑚−1𝛼2
𝑤−1𝑒−𝛼𝐷𝑒−𝛼1𝐷1𝑒−𝛼2𝐷2 𝑑𝛼 𝑑𝛼1𝑑𝛼2 , 

 

   𝐸( 𝑅−1|𝑥, 𝑡, 𝑧)
𝐽

=  
𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
∗ [ ∫ ∫ ∫ 𝛼𝑛−1 𝛼1

𝑚−1𝛼2
𝑤−1 ∗

∞

0

∞

0

∞

0

                      𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2  + 2 ∫ ∫ ∫ 𝛼𝑛−1 𝛼1
(𝑚−1)−1𝛼2

(𝑤+1)−1  ∗
∞

0

∞

0

∞

0

                      𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2 𝑑𝛼 𝑑𝛼1𝑑𝛼2 +  ∫ ∫ ∫ 𝛼(𝑛−1)−1 𝛼1
𝑚−1𝛼2

(𝑤+1)−1 ∗
∞

0

∞

0

∞

0

                      𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2 𝑑𝛼 𝑑𝛼1𝑑𝛼2 +  ∫ ∫ ∫ 𝛼(𝑛−1)−1 𝛼1
(𝑚−1)−1𝛼2

(𝑤+2)−1 ∗
∞

0

∞

0

∞

0

                      𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2 𝑑𝛼 𝑑𝛼1𝑑𝛼2 +  ∫ ∫ ∫ 𝛼(𝑛+1)−1 𝛼1
(𝑚−1)−1𝛼2

𝑤−1 ∗
∞

0

∞

0

∞

0

                      𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2], 

By solving the integrations which is kernels of gamma dist. 

               =  
𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
 [

Γ(𝑛)

𝐷𝑛

Γ(m)

𝐷1
𝑚

Γ(w)

𝐷2
𝑤 + 2 

Γ(𝑛)

𝐷𝑛

Γ(m−1)

𝐷1
𝑚−1

Γ(w+1)

𝐷2
𝑤+1 + 

Γ(𝑛−1)

𝐷𝑛−1

Γ(m)

𝐷1
𝑚

Γ(w+1)

𝐷2
𝑤+1 +

Γ(𝑛−1)

𝐷𝑛−1

Γ(m−1)

𝐷1
𝑚−1

Γ(w+2)

𝐷2
𝑤+2 +

Γ(𝑛+1)

𝐷𝑛+1

Γ(m−1)

𝐷1
𝑚−1

Γ(w)

𝐷2
𝑤  ], 

𝐸( 𝑅−1|𝑥, 𝑡, 𝑧)
𝐽

= 1 + 2
(w)𝐷1

(m−1)𝐷2
+  

(w)𝐷

(𝑛−1)𝐷2
+  

(w+1)(w)𝐷𝐷1

(𝑛−1)(m−1)𝐷2
2 +  

(n)𝐷1

(m−1)𝐷
 .      (22) 

 The expectation in the denominator of equation (21) using equation (7): 
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 𝐸( 𝑅−2|𝑥, 𝑡, 𝑧)
𝐽

=  ∫ ∫ ∫ 𝑅−2𝑃(𝛼, 𝛼1, 𝛼2|𝑥, 𝑡, 𝑧)
𝐽
𝑑𝛼 𝑑𝛼1𝑑𝛼2

∞

0

∞

0

∞

0
 , 

 

                  =  ∫ ∫ ∫ (6𝛼1
−2 

∞

0

∞

0

∞

0
𝛼2

2 +  𝛼−2𝛼2
2 +  𝛼−2𝛼1

−2𝛼2
4 + 6𝛼−1𝛼1

−1𝛼2
2 + 4𝛼−1𝛼1

−2𝛼2
3 +

2𝛼−2𝛼1
−1𝛼2

3 + 4𝛼𝛼1
−2𝛼2 + 2𝛼−1𝛼2 + 6𝛼1

−1𝛼2 + 𝛼2𝛼1
−2 + 1 + 2𝛼𝛼1

−1) ∗
𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
𝛼𝑛−1𝛼1

𝑚−1𝛼2
𝑤−1𝑒−𝛼𝐷𝑒−𝛼1𝐷1𝑒−𝛼2𝐷2 𝑑𝛼 𝑑𝛼1𝑑𝛼2 ,  

 𝐸( 𝑅−2|𝑥, 𝑡, 𝑧)
𝐽

 =  
𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
∗ [6 ∫ ∫ ∫ 𝛼𝑛−1 𝛼1

(𝑚−2)−1𝛼2
(𝑤+2)−1 ∗

∞

0

∞

0

∞

0

                        𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +  ∫ ∫ ∫ 𝛼(𝑛−2)−1 𝛼1
𝑚−1𝛼2

(𝑤+2)−1 ∗
∞

0

∞

0

∞

0

                    𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +   ∫ ∫ ∫ 𝛼(𝑛−2)−1 𝛼1
(𝑚−2)−1𝛼2

(𝑤+4)−1 ∗
∞

0

∞

0

∞

0

                     𝑒−𝐷𝛼  𝑒−𝐷1𝛼1 𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 + 6 ∫ ∫ ∫ 𝛼(𝑛−1)−1 𝛼1
(𝑚−1)−1𝛼2

(𝑤+2)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

4 ∫ ∫ ∫ 𝛼(𝑛−1)−1 𝛼1
(𝑚−2)−1𝛼2

(𝑤+3)−1  ∗                       𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2
∞

0

∞

0

∞

0
 𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

2 ∫ ∫ ∫ 𝛼(𝑛−2)−1 𝛼1
(𝑚−1)−1𝛼2

(𝑤+3)−1  ∗
∞

0

∞

0

∞

0

                      𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 + 4 ∫ ∫ ∫ 𝛼(𝑛+1)−1 𝛼1
(𝑚−2)−1𝛼2

(𝑤+1)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 + 2 ∫ ∫ ∫ 𝛼(𝑛−1)−1 𝛼1
𝑚−1𝛼2

(𝑤+1)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 + 6 ∫ ∫ ∫ 𝛼𝑛−1 𝛼1
(𝑚−1)−1𝛼2

(𝑤+1)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 + ∫ ∫ ∫ 𝛼(𝑛+2)−1 𝛼1
(𝑚−2)−1𝛼2

𝑤−1 ∗
∞

0

∞

0

∞

0

                    𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2  + ∫ ∫ ∫ 𝛼𝑛−1 𝛼1
𝑚−1𝛼2

𝑤−1  ∗
∞

0

∞

0

∞

0

                    𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 + 2 ∫ ∫ ∫ 𝛼(𝑛+1)−1 𝛼1
(𝑚−1)−1𝛼2

𝑤−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝐷𝛼  𝑒−𝐷1𝛼1  𝑒−𝐷2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 ], 

By solving the integrations which is kernels of gamma dist. 

 

=   
𝐷𝑛

Γ𝑛

𝐷𝑚

Γ𝑚

𝐷2
𝑤

Γ𝑤
[ 6

Γ(n)

𝐷𝑛

Γ(m−2)

𝐷1
𝑚−2

Γ(w+2)

𝐷2
𝑤+2 +  

Γ(n−2)

𝐷𝑛−2

Γ(m)

𝐷1
𝑚

Γ(w+2)

𝐷2
𝑤+2 +  

Γ(n−2)

𝐷𝑛−2

Γ(m−2)

𝐷1
𝑚−2

Γ(w+4)

𝐷2
𝑤+4 +

6
Γ(n−1)

𝐷𝑛−1

Γ(m−1)

𝐷1
𝑚−1

Γ(w+2)

𝐷2
𝑤+2 + 4

Γ(n−1)

𝐷𝑛−1

Γ(m−2)

𝐷1
𝑚−2

Γ(w+3)

𝐷2
𝑤+3 + 2

Γ(n−2)

𝐷𝑛−2

Γ(m−1)

𝐷1
𝑚−1

Γ(w+3)

𝐷2
𝑤+3 +

4
Γ(n+1)

𝐷𝑛+1

Γ(m−2)

𝐷1
𝑚−2

Γ(w+1)

𝐷2
𝑤+1 + 2

Γ(n−1)

𝐷𝑛−1

Γ(m)

𝐷1
𝑚

Γ(w+1)

𝐷2
𝑤+1 + 6

Γ(n)

𝐷𝑛

Γ(m−1)

𝐷1
𝑚−1

Γ(w+1)

𝐷2
𝑤+1 + 

Γ(n+2)

𝐷𝑛+2

Γ(m−2)

𝐷1
𝑚−2

Γ(w)

𝐷2
𝑤 +

 
Γ(n)

𝐷𝑛

Γ(m)

𝐷1
𝑚

Γ(w)

𝐷2
𝑤 +  

Γ(n+1)

𝐷𝑛+1

Γ(m−1)

𝐷1
𝑚−1

Γ(w)

𝐷2
𝑤  ],  

𝐸( 𝑅−2|𝑥, 𝑡, 𝑧)
𝐽

= [1 + 6
(w+1)(w)𝐷1

2

(m−1)(m−2)𝐷2
2 +  

(w+1)(w)𝐷2

(n−1)(n−2)𝐷2
2 +  

(w+3)(w+2)(w+1)(w)𝐷2𝐷1
2

(n−1)(n−2)(m−1)(m−2)𝐷2
4 +

6 
(w+1)(w)𝐷𝐷1

(n−1)(m−1)𝐷2
2 + 4

(w+2)(w+1)(w)𝐷𝐷1
2

(n−1)(m−1)(m−2)𝐷2
3 + 2

(w+2)(w+1)(w)𝐷2𝐷1

(n−1)(n−2)(m−1)𝑄2
3 + 4

(n)(w)𝐷1
2

(m−1)(m−2)𝐷𝐷2
+ 2

(w)𝐷

(n−1)𝐷2
+

6 
(w)𝐷1

(m−1)𝐷2
+  

(n+1)(n)𝐷1
2

(m−1)(m−2)𝐷2 + 1 +  
(n)𝐷1

(m−1)𝐷
 ].          (23) 

Substituting equation  (22)  and equation  (23) in equation  (21) to get the Bayesian estimation 
using   Non informative Jeffrey's prior based on Quadratic loss function 
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Bayesian estimation Using informative prior : 

 The prior distribution of the parameters  ( 𝛼, 𝛼1, 𝛼2) is gamma distribution with hyper – 

parameters ( 𝑎, 𝑎1, 𝑎2, 𝑏, 𝑏1, 𝑏2) with pdf's as follows [10] :   

 Π(𝛼) =  
𝑏𝑎

Γ𝑎
𝛼𝑎−1𝑒−𝑏𝛼.           (24) 

Π(𝛼1) =  
𝑏1

𝑎1

Γ𝑎1
𝛼1

𝑎1−1
𝑒−𝑏1𝛼1  .        (25) 

Π(𝛼2) =  
𝑏2

𝑎2

Γ𝑎2
𝛼2

𝑎2−1
𝑒−𝑏2𝛼2 .          (26) 

Then the posterior for ( 𝛼, 𝛼1, 𝛼2) will be as follows: 

Since 𝑥, 𝑡 𝑎𝑛𝑑 𝑧 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 r.v.'s the posterior distribution for each parameter can be 

found as:  

𝑃(𝛼, 𝛼1, 𝛼2|𝑥, 𝑡, 𝑧) =  𝑃(𝛼|𝑥) 𝑃(𝛼1|𝑡) 𝑃(𝛼2|𝑧),       (27) 

𝑃(𝛼|𝑥)  ∝ 𝐿(𝑥|𝛼) Π(𝛼),  

 where 𝐿(𝑥|𝛼) and Π(𝛼) are defined in equations (8), (24) respectively   

                ∝   𝛼𝑛 ∏ (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)

𝛼

𝑛
𝑖=1

𝑏𝑎

Γ𝑎
𝛼𝑎−1𝑒−𝑏𝛼, 

                 =  𝛼𝑛+𝑎−1𝑒−𝑏𝛼 ∏ (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)

𝛼

,𝑛
𝑖=1  

               =  𝛼𝑛+𝑎−1𝑒
−𝛼(− ∑ ln(1− 𝑒

−(
𝜆
𝑥𝑖

)
2

)𝑛
𝑖=1 +𝑏)

,  

Which is the kernel of gamma distribution G ( 𝑛 + 𝑎, 𝑄)  

where 𝑄 = − ∑ ln (1 −  𝑒
−(

𝜆

𝑥𝑖
)

2

)𝑛
𝑖=1 + 𝑏 ,         (28) 

The complete posterior of 𝑃(𝛼|𝑥) is:   

 𝑃(𝛼|𝑥) =  
𝑄𝑛+𝑎

Γ(n+a)
 𝛼𝑛+𝑎−1𝑒−𝑄𝛼.            (29) 

Similarly, the posterior distributions for 𝛼1𝑎𝑛𝑑𝛼2 are:     

  𝑃(𝛼1|𝑡) =  
𝑄1

𝑚+𝑎1

Γ(m+a1)
 𝛼1

𝑚+𝑎1−1𝑒−𝑄1𝛼1 .           (30) 
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Where 𝑄1 = − ∑ ln (1 − 𝑒
−(

𝜆

𝑡𝑗
)

2

)𝑚
𝑗=1 + 𝑏1 ,          (31) 

 𝑃(𝛼2|𝑧) =  
𝑄2

𝑤+𝑎2

Γ(w+a2)
 𝛼2

𝑤+𝑎2−1𝑒−𝑄2𝛼2 .            (32) 

 Where   𝑄2 =  − ∑ ln (1 −  𝑒
−(

𝜆

𝑧𝑘
)

2

)𝑤
𝑘=1 + 𝑏2 ,           (33) 

 The joint posterior dist. For  ( 𝛼, 𝛼1, 𝛼2) from Substituting equations (29), (30), (32) in 

equation (27) is: 

 𝑃(𝛼, 𝛼1, 𝛼2|𝑥, 𝑡, 𝑧) =  
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
𝛼𝑛+𝑎−1 𝛼1

𝑚+𝑎1−1𝛼2
𝑤+𝑎2−1  ∗

                                          𝑒−𝑄𝛼  𝑒−𝑄1𝛼1 𝑒−𝑄2𝛼2 .           (34) 

Bayesian estimation using  informative gamma prior based on Quadratic loss function : 

From equation (21) the estimated reliability function based on Quadratic loss function is 

defined as:  

 𝑅̂ =  
𝐸( 𝑅−1

|𝑥, 𝑡, 𝑧)

𝐸(𝑅−2
|𝑥, 𝑡, 𝑧)

  ,      (35) 

Where   

 𝐸( 𝑅−1|𝑥, 𝑡, 𝑧) =  ∫ ∫ ∫ ( 1 +  2𝛼1
−1𝛼2 +  𝛼−1𝛼2 +  𝛼−1𝛼1

−1𝛼2
2 +  𝛼𝛼1

−1) ∗
∞

0

∞

0

∞

0

 
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
𝛼𝑛+𝑎−1 𝛼1

𝑚+𝑎1−1𝛼2
𝑤+𝑎2−1 ∗ 𝑒−𝑄𝛼  𝑒−𝑄1𝛼1 𝑒−𝑄2𝛼2𝑑𝛼 𝑑𝛼1𝑑𝛼2 , 

 

 𝐸( 𝑅−1|𝑥, 𝑡, 𝑧) =  
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
∗ [∫ ∫ ∫ 𝛼𝑛+𝑎−1 𝛼1

𝑚+𝑎1−1𝛼2
𝑤+𝑎2−1 ∗

∞

0

∞

0

∞

0

                     𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2  + 

 2 ∫ ∫ ∫ 𝛼𝑛+𝑎−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

(𝑤+𝑎2+1)−1  ∗
∞

0

∞

0

∞

0

                         𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

 ∫ ∫ ∫ 𝛼(𝑛+𝑎−1)−1 𝛼1
𝑚+𝑎1−1𝛼2

(𝑤+𝑎2+1)−1 ∗
∞

0

∞

0

∞

0

                    𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

 ∫ ∫ ∫ 𝛼(𝑛+𝑎−1)−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

(𝑤+𝑎2+2)−1 ∗
∞

0

∞

0

∞

0

                    𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

 ∫ ∫ ∫ 𝛼(𝑛+𝑎+1)−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

𝑤+𝑎2−1 ∗
∞

0

∞

0

∞

0

                    𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2] , 
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By solving the integrations which is kernels of gamma dist. 

 

          =  
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
 [

Γ(𝑛+𝑎)

𝑄𝑛+𝑎

Γ(m+a1)

𝑄1
𝑚+𝑎1

Γ(w+a2)

𝑄2
𝑤+𝑎2

+ 2 
Γ(𝑛+𝑎)

𝑄𝑛+𝑎

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2+1)

𝑄2
𝑤+𝑎2+1 +

 
Γ(𝑛+𝑎−1)

𝑄𝑛+𝑎−1

Γ(m+a1)

𝑄1
𝑚+𝑎1

Γ(w+a2+1)

𝑄2
𝑤+𝑎2+1 +

Γ(𝑛+𝑎−1)

𝑄𝑛+𝑎−1

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2+2)

𝑄2
𝑤+𝑎2+2 +  

Γ(𝑛+𝑎+1)

𝑄𝑛+𝑎+1

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2)

𝑄2
𝑤+𝑎2

 ], 

 

 𝐸( 𝑅−1|𝑥, 𝑡, 𝑧) = 1 + 2
(w+a2)𝑄1

(m+a1−1)𝑄2
+ 

(w+a2)𝑄

(𝑛+𝑎−1)𝑄2
+  

(w+a2+1)(w+a2)𝑄𝑄1

(𝑛+𝑎−1)(m+a1−1)𝑄2
2 +  

(n+a)𝑄1

(m+a1−1)𝑄
 .            

(36) 

 

 𝐸( 𝑅−2|𝑥, 𝑡, 𝑧) =  ∫ ∫ ∫ 𝑅−2∞

0

∞

0

∞

0
 𝑃(𝛼, 𝛼1, 𝛼2|𝑥, 𝑡, 𝑧) 𝑑𝛼 𝑑𝛼1𝑑𝛼2 , 

                  =  ∫ ∫ ∫ (6𝛼1
−2 

∞

0

∞

0

∞

0
𝛼2

2 +  𝛼−2𝛼2
2 +  𝛼−2𝛼1

−2𝛼2
4 + 6𝛼−1𝛼1

−1𝛼2
2 + 4𝛼−1𝛼1

−2𝛼2
3 +

2𝛼−2𝛼1
−1𝛼2

3 + 4𝛼𝛼1
−2𝛼2 + 2𝛼−1𝛼2 + 6𝛼1

−1𝛼2 + 𝛼2𝛼1
−2 + 1 + 2𝛼𝛼1

−1) ∗

 
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
𝛼𝑛+𝑎−1 𝛼1

𝑚+𝑎1−1𝛼2
𝑤+𝑎2−1 ∗  𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2𝑑𝛼 𝑑𝛼1𝑑𝛼2 , 

Where 𝑄, 𝑄1, 𝑄2 are defined in equations (28), (31), (33) respectively   

 𝐸( 𝑅−2|𝑥, 𝑡, 𝑧) =  
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
∗ [6 ∫ ∫ ∫ 𝛼𝑛+𝑎−1 𝛼1

(𝑚+𝑎1−2)−1𝛼2
(𝑤+𝑎2+2)−1 ∗

∞

0

∞

0

∞

0

                         𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

 ∫ ∫ ∫ 𝛼(𝑛+𝑎−2)−1 𝛼1
𝑚+𝑎1−1𝛼2

(𝑤+𝑎2+2)−1  ∗
∞

0

∞

0

∞

0

                     𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

  ∫ ∫ ∫ 𝛼(𝑛+𝑎−2)−1 𝛼1
(𝑚+𝑎1−2)−1𝛼2

(𝑤+𝑎2+4)−1 ∗
∞

0

∞

0

∞

0

                      𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

6 ∫ ∫ ∫ 𝛼(𝑛+𝑎−1)−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

(𝑤+𝑎2+2)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

4 ∫ ∫ ∫ 𝛼(𝑛+𝑎−1)−1 𝛼1
(𝑚+𝑎1−2)−1𝛼2

(𝑤+𝑎2+3)−1 ∗
∞

0

∞

0

∞

0

                        𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

2 ∫ ∫ ∫ 𝛼(𝑛+𝑎−2)−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

(𝑤+𝑎2+3)−1  ∗
∞

0

∞

0

∞

0

                        𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

4 ∫ ∫ ∫ 𝛼(𝑛+𝑎+1)−1 𝛼1
(𝑚+𝑎1−2)−1𝛼2

(𝑤+𝑎2+1)−1 ∗
∞

0

∞

0

∞

0

                        𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

2 ∫ ∫ ∫ 𝛼(𝑛+𝑎−1)−1 𝛼1
𝑚+𝑎1−1𝛼2

(𝑤+𝑎2+1)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +
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6 ∫ ∫ ∫ 𝛼𝑛+𝑎−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

(𝑤+𝑎2+1)−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

∫ ∫ ∫ 𝛼(𝑛+𝑎+2)−1 𝛼1
(𝑚+𝑎1−2)−1𝛼2

𝑤+𝑎2−1 ∗
∞

0

∞

0

∞

0

                    𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2  + ∫ ∫ ∫ 𝛼𝑛+𝑎−1 𝛼1
𝑚+𝑎1−1𝛼2

𝑤+𝑎2−1  ∗
∞

0

∞

0

∞

0

                    𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 +

2 ∫ ∫ ∫ 𝛼(𝑛+𝑎+1)−1 𝛼1
(𝑚+𝑎1−1)−1𝛼2

𝑤+𝑎2−1 ∗
∞

0

∞

0

∞

0

                       𝑒−𝑄𝛼  𝑒−𝑄1𝛼1  𝑒−𝑄2𝛼2  𝑑𝛼 𝑑𝛼1𝑑𝛼2 ],   

By solving the integrations which is kernels of gamma dist. 

 

 𝐸( 𝑅−2|𝑥, 𝑡, 𝑧) =  
𝑄𝑛+𝑎

Γ(n+a)

𝑄1
𝑚+𝑎1

Γ(m+a1)

𝑄2
𝑤+𝑎2

Γ(w+a2)
∗ [ 6

Γ(n+a)

𝑄𝑛+𝑎

Γ(m+a1−2)

𝑄1
𝑚+𝑎1−2

Γ(w+a2+2)

𝑄2
𝑤+𝑎2+2 +

 
Γ(n+a−2)

𝑄𝑛+𝑎−2

Γ(m+a1)

𝑄1
𝑚+𝑎1

Γ(w+a2+2)

𝑄2
𝑤+𝑎2+2 +  

Γ(n+a−2)

𝑄𝑛+𝑎−2

Γ(m+a1−2)

𝑄1
𝑚+𝑎1−2

Γ(w+a2+4)

𝑄2
𝑤+𝑎2+4 + 6

Γ(n+a−1)

𝑄𝑛+𝑎−1

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2+2)

𝑄2
𝑤+𝑎2+2 +

4
Γ(n+a−1)

𝑄𝑛+𝑎−1

Γ(m+a1−2)

𝑄1
𝑚+𝑎1−2

Γ(w+a2+3)

𝑄2
𝑤+𝑎2+3 + 2

Γ(n+a−2)

𝑄𝑛+𝑎−2

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2+3)

𝑄2
𝑤+𝑎2+3 +

4
Γ(n+a+1)

𝑄𝑛+𝑎+1

Γ(m+a1−2)

𝑄1
𝑚+𝑎1−2

Γ(w+a2+1)

𝑄2
𝑤+𝑎2+1 + 2

Γ(n+a−1)

𝑄𝑛+𝑎−1

Γ(m+a1)

𝑄1
𝑚+𝑎1

Γ(w+a2+1)

𝑄2
𝑤+𝑎2+1 +

6
Γ(n+a)

𝑄𝑛+𝑎

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2+1)

𝑄2
𝑤+𝑎2+1 +  

Γ(n+a+2)

𝑄𝑛+𝑎+2

Γ(m+a1−2)

𝑄1
𝑚+𝑎1−2

Γ(w+a2)

𝑄2
𝑤+𝑎2

+ 
Γ(n+a)

𝑄𝑛+𝑎

Γ(m+a1)

𝑄1
𝑚+𝑎1

Γ(w+a2)

𝑄2
𝑤+𝑎2

+

 
Γ(n+a+1)

𝑄𝑛+𝑎+1

Γ(m+a1−1)

𝑄1
𝑚+𝑎1−1

Γ(w+a2)

𝑄2
𝑤+𝑎2

 ] ,      

𝐸( 𝑅−2|𝑥, 𝑡, 𝑧) = [6
(w+a2+1)(w+a2)𝑄1

2

(m+a1−1)(m+a1−2)𝑄2
2 +  

(w+a2+1)(w+a2)𝑄2

(n+a−1)(n+a−2)𝑄2
2 +

 
(w+a2+3)(w+a2+2)(w+a2+1)(w+a2)𝑄2𝑄1

2

(n+a−1)(n+a−2)(m+a1−1)(m+a1−2)𝑄2
4 + 6 

(w+a2+1)(w+a2)𝑄𝑄1

(n+a−1)(m+a1−1)𝑄2
2 +

4
(w+a2+2)(w+a2+1)(w+a2)𝑄𝑄1

2

(n+a−1)(m+a1−1)(m+a1−2)𝑄2
3 + 2

(w+a2+2)(w+a2+1)(w+a2)𝑄2𝑄1

(n+a−1)(n+a−2)(m+a1−1)𝑄2
3 + 4

(n+a)(w+a2)𝑄1
2

(m+a1−1)(m+a1−2)𝑄𝑄2
+

2
(w+a2)𝑄

(n+a−1)𝑄2
+ 6 

(w+a2)𝑄1

(m+a1−1)𝑄2
+  

(n+a+1)(n+a)𝑄1
2

(m+a1−1)(m+a1−2)𝑄2 + 1 +  
(n+a)𝑄1

(m+a1−1)𝑄
 ].              (37) 

Substituting equations  (36)  and (37) in equation  (35) to get the Bayesian estimation using  
informative gamma prior based on Quadratic loss function (Q.L.F). 

V. Simulation study  

     In this part, a simulation study is conducted to identify the most effective estimator for the 

stress-strength reliability (S-SR.) of Exponentiated Inverse Rayleigh distribution three 

estimators had been found for (S-SR.) which is ( Maximum likelihood estimator 𝑅̂(𝑚𝑙𝑒) , 

Bayesian estimator using   Non informative Jeffrey's prior based on Quadratic loss function 

( 𝑅̂𝐵𝐽 ) , Bayesian estimation using  informative gamma prior based on  Quadratic loss function 

(𝑅̂𝐵𝐶) ), and An evaluation of the mean square error (MSE) was conducted for the estimators 
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using different sample sizes (25,50,150) when ( λ = 0.5, 𝛼 = 0.5, 𝛼1 = 0.92, 𝛼2 = 1.3 ) and 

for gamma priors (𝑎 = 4 ,  𝑎1 = 3.8   , 𝑎2 = 5.39 , 𝑏 = 2.2  , 𝑏1 = 2.7  , 𝑏2 = 2.09 ) for 1000 

replicates and the The simulation study was carried out using (R Studio) to evaluate the 

performance of the stress-strength reliability (S-SR) estimator, following the steps outlined 

below:  

A. Generate random values for   𝑥, 𝑡 𝑎𝑛𝑑 𝑧 by the inverse function according to:  

𝑥 =  𝜆/[−ln (1 − (1 − 𝑢)
1

𝛼)]1/2    where u is generated from the uniform distribution. 

B. Calculate the mean of the estimators by 
∑ 𝑅̂𝑖

𝑛
𝑖=1

𝑙𝑒𝑛𝑔𝑡ℎ(𝑅̂𝑖) 
  

C. Evaluate the mean square error (MSE) for the estimators  𝑀𝑆𝐸 =  
∑ (𝑅̂𝑖−𝑅)2𝑛

𝑖=1

𝑙𝑒𝑛𝑔𝑡ℎ(𝑅̂𝑖)
, 

And the estimator with lowest Mean square error (MSE) considered the best estimator under 

that size.  

 

TABLE I.  SIMULATION  RESULTS  WHEN 𝜆 = 0.5 

 

𝑹̂𝑩𝑪 

 

 𝑹̂𝑩𝑱  

 

MLE 

 Samples 

Size 

(n,m,w) 

0.082873

11 

0.083178

58 

0.09626

097 

Me

an 

(25,25,25

) 

0.000700

2272 

0.000825

472 

0.00081

24976 

MS

E 

0.087809

93 

0.088509

88 

0.09496

247 

Me

an 

(50,50,50

) 

0.000371

3655 

0.000402

5999 

0.00039

17041 

MS

E 

0.092078

06 

0.092474

35 

0.09435

836 

Me

an 

(150,150,

150) 

0.000127

1602 

0.000130

8556 

0.00012

83046 

MS

E 

0.088966 0.085403

04 

0.09557

486 

Me

an 

(25,25,50

) 

0.000466

6725 

0.000554

2385 

0.00053

38496 

MS

E 

0.094428

19 

0.087507

23 

0.09567

359 

Me

an 

(25,25,15

0) 

0.000313

9656 

0.000363

4629 

0.00035

28695 

MS

E 
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0.088643

42 

0.086561

92 

0.09463

62 

Me

an 

(25,50,50

) 

0.000411

8427 

0.000472

8347 

0.00044

34233 

MS

E 

0.089089

44 

0.088074

79 

0.09478

747 

Me

an 

(25,150,5

0) 

0.000359

9019 

0.000410

1916 

0.00038

41617 

MS

E 

0.094689

63 

0.090371

38 

0.09500

985 

Me

an 

(25,150,1

50) 

0.000213

5279 

0.000235

6505 

0.00022

12373 

MS

E 

0.081503

27 

0.084448 0.09596

393 

Me

an 

(50,25,25

) 

0.000658

1071 

0.000737

9786 

0.00072

74677 

MS

E 

0.086813

41 

0.085886

07 

0.09438

281 

Me

an 

(50,25,50

) 

0.000439

1084 

0.000500

8539 

0.00047

33879 

MS

E 

0.093358

37 

0.089195

27 

0.09570

129 

Me

an 

(50,25,15

0) 

0.000279

9644 

0.000318

2683 

0.00031

79193 

MS

E 

0.087767

59 

0.089516

76 

0.09460

014 

Me

an 

(50,150,5

0) 

0.000319

7875 

0.000339

6176 

0.00032

63493 

MS

E 

0.093221

79 

0.091678

79 

0.09467

149 

Me

an 

(50,150,1

50) 

0.000155

8222 

0.000164

8208 

0.00015

97035 

MS

E 

0.080061

48 

0.084786 0.09524

273 

Me

an 

(150,25,2

5) 

0.000640

1942 

0.000683

0251 

0.00066

3068 

MS

E 

0.086038

87 

0.087029

42 

0.09450

405 

Me

an 

(150,25,5

0) 

0.000391

6446 

0.000432

3197 

0.00041

20928 

MS

E 

0.092241

12 

0.089984

77 

0.09541

274 

Me

an 

(150,25,1

50) 

0.000235

6616 

0.000272

4102 

0.00027

03758 

MS

E 
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0.086785

81 

0.089381

46 

0.09477

342 

Me

an 

(150,50,5

0) 

0.000342

188 

0.000357

1205 

0.00035

01634 

MS

E 

0.092627

99 

0.091973

89 

0.09526

524 

Me

an 

(150,50,1

50) 

0.000161

5088 

0.000172

3454 

0.00017

34437 

MS

E 

 

VI.  Conclusion and Discussion 

The result of the experiment in table (1) shows that: 

1- 𝑅 = 0.09395425 

2- Bayesian estimation using informative gamma prior based on Quadratic loss function 

is the best estimator because it has smallest MSE.  

The reliability decrease (life of the component is affected  and reduced with High stress (the 

component subject to low stress is more reliable than the component subject to high stress for 

the same component).  

 As a future studies, stress-strength reliability (S-SR.) function P(T<X<Z) under cencored 

data could be presented and discussed. 
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